This work is concerned with the existence and uniqueness of positive solutions for the following fractional boundary value problem:
Introduction
In this paper, we investigate the existence and uniqueness of positive solutions for the fractional boundary value problem (FBVP for short) of the form:
 + y(t) = f (t, y(t), y(t)) + g(t, y(t))
,  < t < , n - < ν ≤ n, y (i) 
where t ∈ (, ), ν  , ν  ∈ (n -, n] for n >  and n ∈ N , and λ  , λ  > , with the following boundary value conditions:
under the assumptions that a  , a  , f , g are nonnegative and continuous. But the uniqueness of positive solutions is not treated in these papers.
Different from the works mentioned above, motivated by the work [], we will use two fixed point theorems for mixed monotone operators with perturbation to show the existence and uniqueness of positive solutions for FBVP (.). To our knowledge, there are still very few to utilize the fixed point results on mixed monotone operators with perturbation to study the existence and uniqueness of a positive solution for nonlinear fractional differential equation boundary value problems. So, it is worthwhile to investigate FBVP (.) by using our new fixed point theorems in [] . Our results can not only guarantee the existence of a unique positive solution, but also be applied to construct an iterative scheme for approximating it.
With this context in mind, the outline of this paper is as follows. In Section  we recall certain results from the theory of fractional calculus and some definitions, notations and results of mixed monotone operators. In Section  we provide some conditions, under which the problem FBVP (.) has a unique positive solution. Finally, in Section , we provide an example, which explicates the applicability of our result. http://www.boundaryvalueproblems.com/content/2013/1/85
Preliminaries
For the convenience of the reader, we present here some definitions, lemmas and basic results that will be used in the proofs of our theorems. 
whenever the right-hand side is defined. Similarly, with ν >  and ν ∈ R, we define the νth Riemann-Liouville fractional derivative to be
where n ∈ N is the unique positive integer satisfying n - ≤ ν < n and t > a.
together with the boundary conditions y
is the Green function for this problem. 
Lemma . The function G(t, s) defined by (.) satisfies the following conditions:
Proof Evidently, the right inequality holds. So, we only need to prove the left inequality. If  ≤ s ≤ t ≤ , then we have  ≤ t -s ≤ t -ts = ( -s)t, and thus
Hence,
So, the proof is complete.
In the sequel, we present some basic concepts in ordered Banach spaces for completeness and two fixed point theorems which we will be used later. For convenience of readers, we suggest that one refers to [-] for details.
Suppose that (E, · ) is a real Banach space which is partially ordered by a cone P ⊂ E, i.e., x ≤ y if and only if y -x ∈ P. If x ≤ y and x = y, then we denote x < y or y > x. By θ we denote the zero element of E. Recall that a non-empty closed convex set P ⊂ E is a cone if it satisfies (i)
For all x, y ∈ E, the notation x ∼ y means that there exist λ >  and μ >  such that λx ≤ y ≤ μx. Clearly, ∼ is an equivalence relation. Given h > θ (i.e., h ≥ θ and h = θ ), we denote by P h the set P h = {x ∈ E | x ∼ h}. It is easy to see that P h ⊂ P.
Definition . (See [, ])
A : P × P → P is said to be a mixed monotone operator if A(x, y) is increasing in x and decreasing in y, i.e., u i ,
Definition . An operator A : P → P is said to be sub-homogeneous if it is satisfies
is a mixed monotone operator and satisfies
Then:
() for any initial values x  , y  ∈ P h , constructing successively the sequences
we have x n → x * and y n → x * as n → ∞.
Lemma . (See Theorem . in []) Let h > θ and β ∈ (, ). A : P × P → P is a mixed monotone operator and satisfies
we have x n → x * and y n → x * as n → ∞. 
Main results
In this section, we apply Lemma . and Lemma . to study FBVP (.), and we obtain some new results on the existence and uniqueness of positive solutions. The method used here is relatively new to the literature and so are the existence and uniqueness results to the fractional differential equations.
In our considerations, we work in the Banach space C[, ] = {x : [, ] → R is continuous} with the standard norm x = sup{|x(t)| : t ∈ [, ]}. Notice that this space can be equipped with a partial order given by 
Theorem . Assume that
(H  ) f : [, ] × [, +∞) × [, +∞) → [, +∞) is continuous and g : [, ] × [, +∞) → [, +∞) is continuous; (H  ) f (t, u, v) is increasing in u ∈ [, +∞) for fixed t ∈ [, ] and v ∈ [, +∞), decreasing in v ∈ [, +∞) for fixed t ∈ [, ] and u ∈ [, +∞), and g(t, u) is increasing in u ∈ [, +∞) for fixed t ∈ [, ]; (H  ) g(t, ) ≡  and g(t, λu) ≥ λg(t, u) for λ ∈ (, ), t ∈ [, ], u ∈ [, +∞), and there exists a constant β ∈ (, ) such that f (t, λu, λ - v) ≥ λ β f (t, u, v), ∀t ∈ [, ], λ ∈ (, ), u, v ∈ [, +∞); (H  ) there exists a constant δ  >  such that f (t, u, v) ≥ δ  g(t, u), t ∈ [, ], u, v ≥ . Then: () there exist u  , v  ∈ P h and r ∈ (, ) such that rv  ≤ u  < v  and u  (t) ≤   G(t, s) f s, u  (s), v  (s) + g s, u  (s) ds, t ∈ [, ], v  (t) ≥  
G(t, s) f s, v  (s), u  (s) + g s, v  (s) ds, t ∈ [, ], where h(t) = t ν- , t ∈ [, ] and G(t, s) is given as in (.);
() FBVP (.) has a unique positive solution u * in P h ; () for any x  , y  ∈ P h , constructing successively the sequences
we have x n -u * →  and y n -u * →  as n → ∞.
Proof To begin with, from Lemma ., FBVP (.) has an integral formulation given by
G(t, s) f s, u(s), u(s) + g s, u(s) ds, where G(t, s) is given as in (.).
Define two operators A : P × P → E and B : P → E by
G(t, s)f s, u(s), v(s) ds, (Bu)(t) =  

G(t, s)g s, u(s) ds.
It is easy to prove that u is the solution of FBVP (.) if and only if u = A(u, u) + Bu.
From (H  ), we know that A : P × P → P and B : P → P. In the sequel, we check that A, B satisfy all the assumptions of Lemma .. http://www.boundaryvalueproblems.com/content/2013/1/85
Firstly, we prove that A is a mixed monotone operator. In fact, for
, and by (H  ) and Lemma .,
Further, it follows from (H  ) and Lemma . that B is increasing. Next we show that A satisfies the condition (.). For any λ ∈ (, ) and u, v ∈ P, by (H  ) we have
G(t, s)f s, u(s), v(s) ds
= λ β A(u, v)(t).
That is,
Also, for any λ ∈ (, ), u ∈ P, from (H  ) we know that
G(t, s)g s, u(s) ds = λBu(t),
that is, B(λu) ≥ λBu for λ ∈ (, ), u ∈ P. That is, the operator B is sub-homogeneous. Now we show that A(h, h) ∈ P h and Bh ∈ P h . On the one hand, from (H  ), (H  ) and Lemma ., for any t ∈ [, ], we have
G(t, s)f s, h(s), h(s) ds
On the other hand, also from (H  ), (H  ) and Lemma ., for any t ∈ [, ], we obtain
From (H  ), (H  ), we have
and in consequence,
So, l  h(t) ≤ A(h, h)(t) ≤ l  h(t), t ∈ [, ]; and hence we have A(h, h)
from g(t, ) ≡ , we easily prove Bh ∈ P h . Hence the condition (i) of Lemma . is satisfied.
In the following, we show the condition (ii) of Lemma . is satisfied. For u, v ∈ P, and any t ∈ [, ], from (H  ),
G(t, s)g s, u(s) ds = δ  Bu(t).
Then we get
initial values x  , y  ∈ P h , constructing successively the sequences
we have x n → u * and y n → u * as n → ∞. That is,
FBVP (.) has a unique positive solution u * in P h ; for x  , y  ∈ P h , the sequences
satisfy x n -u * →  and y n -u * →  as n → ∞.
Theorem . Assume (H  ), (H  ) and
where
() for any x  , y  ∈ P h , constructing successively the sequences
Sketch of the proof
Consider two operators A, B defined in the proof of Theorem .. Similarly, from (H  ), (H  ), we obtain that A : P × P → P is a mixed monotone operator and B : P → P is increasing. From (H  ), we have
From (H  ), (H  ), we have
So, we can easily prove that A(h, h) ∈ P h , Bh ∈ P h . For u, v ∈ P, and any t ∈ [, ], from (H  ), 
From Remark . and similar to the proofs of Theorems .-., we can prove the following conclusions. 
has a unique positive solution u * in P h ; (iii) for any x  , y  ∈ P h , constructing successively the sequences
we have x n -u * →  and y n -u * →  as n → ∞. we have x n -u * →  and y n -u * →  as n → ∞.
An example
We now present one example to illustrate Theorem .. 
